
Iterative reweighted method for sparse vector recovery

(Due at mid-night April-28-2017)

Instruction: Every group only need to submit ONE copy of files, which should include the

source code file, output on the provided test instance, and one report file. In the report file,

you can summarize what you observe or difficulties you have.

Description

Recent years have witnessed the great popularity of compressed sensing [1] in signal pro-

cessing. Different from requirement by the Nyquist-Shannon sampling theorem, it acquires

much fewer samples but can still perfectly reconstruct the signal. Suppose we have a signal

represented by a vector x ∈ Rn. Let A ∈ Rm×n be a measuring matrix and b = Ax contain

m measurements. Recall that if sufficiently many measurements are taken (m ≥ n), we can

recover the signal x by solving the least squares problem

min
x
‖Ax− b‖22.

When A is column full-rank, the least squares problem has a unique optimal solution xopt =

(A>A)−1A>b. As A is not column full-rank, its null space is non-trivial, and there are

infinitely many solutions. Specifically, x = A†b is the one that has the smallest `2 norm, and

it the solution to the problem

min
x
‖x‖2, s.t. Ax = b.

In practice, a signal is usually sparse (i.e., only a few entries are nonzero) under certain

basis. Using the sparsity information, compressed sensing technique acquires limited mea-

surements (m � n) and then recovers the signal by finding a sparsest solution subject to

the measurement constraint

min
x
‖x‖0, s.t. Ax = b, (1)

where ‖x‖0 denotes the number of nonzeros of x. In general, (1) is difficult to solve due to

the combinatorial character of the objective. One alternative way is to replace `0 seminorm

‖x‖0 by a smoothed `p semi-norm

‖x‖pp,ε :=
n∑
i=1

(x2i + ε2)p/2,
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and find x by solving

min
x

n∑
i=1

(x2i + ε2)p/2, s.t. Ax = b. (2)

It is not difficult to see that as ε → 0 and p → 0, the objective of (2) approaches to that

of (1). Optimization theory guarantees that to solve (2), it is equivalent (for a certain λ) to

solve the unconstrained problem

min
x

n∑
i=1

(x2i + ε2)p/2 +
1

2λ
‖Ax− b‖22. (3)

Algorithm

Let

f(x) =
n∑
i=1

(x2i + ε2)p/2.

For x to be an optimal solution of (3), the necessary condition is ∇f(x) + 1
λ
A>(Ax− b) = 0,

i.e., 

px1
(x21 + ε2)1−p/2

px2
(x22 + ε2)1−p/2

...

pxn
(x2n + ε2)1−p/2


+

1

λ
A>(Ax− b) = 0. (4)

From (4), we derive the so-called iterative reweighted method [2] for solving (3). Suppose

the iterate at the beginning of the k-th step is xk and the smoothing parameter is εk. Then

we set the next iterate xk+1 to the solution of the linear system

(Dk + A>A)x = A>b, (5)

where Dk is a diagonal matrix with the i-th diagonal element
pλ

((xki )
2 + ε2k)

1−p/2 . Repeat

the process until a certain stopping criterion is satisfied. The method is summarized in

Algorithm 1. In the algorithm, x(s) denotes the s-th largest entry of x in magnitude, and s is

an estimated sparsity level. One can set s to the closed integer of n
2
. The stopping criterion

could be a maximum number of iterations (e.g., k reaches 200), or the difference between xk

and xk+1 is small (e.g., ‖xk − xk+1‖2 ≤ 10−4‖xk‖2).
Code up Algorithm 1 in Matlab or C/C++. For solving the linear system,

you are required to write your own solver by any numerical method you have

learned (e.g., LU factorization by Gaussian Elimination with or without pivoting,

2



Algorithm 1: Iterative reweighted method for sparse vector recovery

1 Input: A ∈ Rm×n, b ∈ Rm, λ > 0, and 0 < p ≤ 1;

2 Output: x ∈ Rn;

3 Intializations: choose x1 and ε1 = 1;

4 for k = 1, 2, . . . do

5 Set Dk ∈ Rn×n as a diagonal matrix with i-th diagonal element
pλ

((xki )
2 + ε2k)

1−p/2 ;

6 Set xk+1 as the solution to the linear system (5);

7 Let εk+1 = min(0.9εk, |xk+1
(s) |);

8 if A certain stopping criterion is satisfied then

9 Output xk+1

QR factorization by Gram-Schmidt or Householder method, Cholesky decom-

position, SVD, or iterative methods for solving linear system. Your code will

be tested on the instructor’s generated instance. Accuracy and also efficiency of

your code will be evaluated.
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